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Abstract
Generalized second law of thermodynamics in the Bianchi type I universe with the generalized holo-
graphic Ricci dark energy model is studied in this paper. The behavior of dark energy’s equation of state
parameter indicates that it is matter-like in the early time of the universe but phantom-like in the future.
By analysing the evolution of the deviations of state parameter and the total pressure of the universe,
we find that for an anisotropic Bianchi type I universe, it transits from a high anisotropy stage to a more
homogeneous stage in the near past. Using the normal entropy given by Gibbs’ law of thermodynamics,
it is proved that the generalized second law of thermodynamics does not always satisfied throughout the
history of the universe when we assume the universe is enclosed by the generalized Ricci scalar radius
Rgr. It becomes invalid in the near past to the future, and the formation of the galaxies will be helpful
in explaining such phenomenon, for that the galaxies’s formation is an entropy increase process. The
negative change rates of the horizon entropy and internal entropy occur in different period indicates that
the influences of galaxies formation is wiped from internal to the universe’s horizon.
Keywords: second law of thermodynamics; Bianchi type I universe; generalized holographic Ricci dark
energy.
PACS: 98.80.-k, 95.36.+x
1 Introduction
Numerous observations such as Type Ia Supernovae, Cosmic Microwave Background Radiation, and Sloan
Digital Sky Survey, provide quit precise evidences that our universe is undergoing an accelerated expansion
phase [1, 2, 3, 4, 5, 6]. There are two representative ways to explain this phenomenon: one is introducing
the dark energy (DE) with negative pressure in general relativity; another is modifying the gravity on the
long distance [7, 8, 9, 10, 11]. Until now, there are a lot of DE models and modified gravity models have
been put forward.
In this article, among various DE models, we concentrate on the holographic dark energy (HDE) model.
The HDE is arising from the holographic principle [12, 13], which links the energy density of DE to the
cosmic horizon, attempting to examine the nature of DE in the framework of quantum gravity. The energy
density of HDE is defined as
ρh = 3C
2M2pL
−2, (1)
where Mp is the reduced Planck mass, M
2
p = (8piG)
−1, C2 is a dimensionless model parameter, L indicates
the infrared (IR) cutoff radius [14, 15]. Based on this principle, researches on the HDE have attracted so
many scientists, and a lot of remarkable works have been done in this field [16, 17, 18, 19, 20, 21, 22]. In
order to examine the HDE, one should give a special form of the IR cutoff. Until now, there are many
choices have been taken as the IR cutoff radius, such as the Hubble radius [23, 24], the particle horizon
[25, 26], the future event horizon [27], the cosmological conformal time [28, 29], the Ricci curvature scalar
[30], or other generalized IR cutoff radius [31, 32, 33]. Among these HDE models, Xu et al. have considered
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generalized holographic and Ricci DE models [34]. In their work, the energy densities of DE are given as
ρh = 3αM
2
pH
2g(R/H2) and ρR = 3αM
2
pRf(H
2/R), where f(x) and g(y) are functions of the variables
R/H2 and H2/R. Nowadays, various works show that the HDE model is in fairly good agreement with the
observational data [35, 36, 37, 38, 39, 40, 41], and researches on different scenarios about the HDE can be
found in Refs: [42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53].
Thermodynamics behavior of the accelerated expansion universe driven by DE is one of the important
questions in cosmology [54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64]. In different scenarios, Wang et al. [65] find
that the generalized second law of thermodynamics (GSLT) is valid on the apparent horizon, but invalid
on the event horizon. Karami et al. [66] find that in the non-flat universe, the validity of GSLT for the
cosmological event horizon depends on the equation of state parameter (EoS) of DE. Bhattacharya et al.
[67] consider two types of DE models, which are raised by Xu et al. [34], and find that neither the first law
of thermodynamics nor the GSLT is valid on the horizon of IR cutoff radius L. Moreover, Radicella and
Pavo´n proved that the united dark fluid model could fulfill the GSLT, but its soundness is in doubt for the
entropy’s first and second derivatives present a rather peculiar and sharp oscillation [68]. More works about
GSLT for the universe driven by HDE can be found in [69, 70, 71, 72, 73, 74, 75, 76, 77, 78].
Moreover, recent observation data from WMAP require that the universe should achieve a slightly
anisotropic special geometry in spite of the inflation [79, 80, 81, 82]. Therefore, in an attempt to un-
derstand the observed small amount of anisotropy in the universe better, the Bianchi type models have been
studied by several authors [83, 84, 85, 86, 87, 88, 89]. Our aims are to investigate the evolution of the Bianchi
type I (BI) universe with the HDE and interacting dark matter (DM), and the GSLT for the accelerated
expanding BI universe driven by DE and DM. In Sect. 2, we give a brief review of the anisotropic metric
and its field equations. In Sect. 3, the evolution of the energy densities and the EoS of DE are studied. In
Sect. 4, the GSLT for the BI universe enclosed by the generalized Ricci scalar radius are studied. Sect. 5 is
the conclusions.
2 The anisotropic metric and filed equations
Theoretical arguments and indications from the recent observational data support that the existence of
anisotropy at early times is a natural phenomenon to investigate. Therefore, it makes sense to consider
models of a universe with an initially anisotropic background. The anisotropic Bianchi models may provide
an adequate description of anisotropic phase in the history of the universe. The simplest models of the
anisotropic universe are the BI model, whose spatial sections are flat, but the scale factors are different in
each direction.
The metric for a flat, anisotropic BI cosmological model is given by
ds2 = dt2 −A2(t)dx2 −B2(t)dy2 − C2(t)dz2, (2)
where the scale factors A(t), B(t) and C(t) are functions of time only. The non-trivial Christoffel symbols
corresponding to this metric are
Γ110 =
A˙
A , Γ
2
20 =
B˙
B , Γ
3
30 =
C˙
C ,
Γ011 = AA˙, Γ
0
22 = BB˙, Γ
0
33 = CC˙. (3)
Here, the overhead dot on the scale factors denote differentiation with respect to time t, i.e., d/dt. Then,
with the help of Eq. (3), one can get the Ricci scalar of the BI universe as
R = −2( A¨A +
B¨
B +
C¨
C +
A˙
A
B˙
B +
B˙
B
C˙
C +
C˙
C
A˙
A ). (4)
As is well known, the Einstein field equation is given by
Rµν −
1
2gµνR = Tµν , (5)
where Rµν is the Ricci tensor and Tµν is the total energy momentum tensor. The energy momentum tensor
of the source with anisotropic pressures along different spatial directions has the form:
Tµν = diag[ρ,−px,−py,−pz]
= diag[1,−wx,−wy,−wz]ρ, (6)
2
where ρ and pi are the total energy density and pressure on different directions of the universe, the subscript
i = x, y, z respectively denote the coordinates x, y and z, the pressure of the universe is related to the
energy density through the relation pi = wiρ, and wi are state parameters along different directions. In our
article, we suppose that the universe is filled with DM and DE, the pressure of DM is zero and the pressure
of DE is diverse on different directions. Then the energy momentum tensor can be written as
T
(m)
µν = diag[1, 0, 0, 0]ρm, (7)
T
(h)
µν = diag[1,−(wh + δx),−(wh + δy),−(wh + δz)]ρh, (8)
where T
(m)
µν and T
(h)
µν are the energy momentum tensor of DM and DE, δi (i = x, y, z) are the deviations
from the general state parameter (i.e., wh) on different axes (here, wh is not the mean parameter of the state
parameters on different directions, but a general parameter that applies the conservation equation (18)), ρm
and ρh are energy densities of DM and DE, respectively.
The Einstein field equations (i.e., Eq. (5)) for the BI universe now can be written in the following form
B¨
B +
C¨
C +
B˙C˙
BC = −(wh + δx)ρh, (9)
C¨
C +
A¨
A +
C˙A˙
CA = −(wh + δy)ρh, (10)
A¨
A +
B¨
B +
A˙B˙
AB = −(wh + δz)ρh, (11)
A˙B˙
AB +
B˙C˙
BC +
C˙A˙
CA = ρm + ρh. (12)
Using Eqs. (9)-(12), the law of energy conservation equation can be written as
ρ˙m + 3Hρm + ρ˙h + 3H(1 + wh)ρh + (δxHx + δyHy + δzHz)ρh = 0, (13)
where H is the generalized mean Hubble’s parameter and it is defined as
H = a˙a =
1
3 (Hx +Hy +Hz), (14)
where a is the mean scale factor and Hx =
A˙
A , Hy =
B˙
B , Hz =
C˙
C are the directional Hubble parameters along
x, y and z axes, respectively. Using the definitions, the Ricci scalar R can be written in the following form
R = −6
[
H˙ + (2 + ∆2 )H
2
]
, (15)
where ∆ = 13Σ
(
Hi−H
H
)2
is a measure of deviation from isotropic expansion. When ∆ = 0, one can get the
isotropic behavior of the model. In the present paper, we used the fact that B(t) = C(t) and A(t) = Cm(t).
Then, the mean Hubble’s parameter reduced to H = m+23 Hz and the average anisotropy parameter ∆ =
2(m−12+m )
2 (or m = 2(1+∆)±3
√
2∆
2−∆ ) becomes a constant. For m = 1, the model reduces to isotropic and ∆ = 0.
In the following calculations, we use m = 2(1+∆)+3
√
2∆
2−∆ , then according to the work of Companelli et al.[90],
the present value of the average anisotropic parameter is ∆ = 10−5 which corresponds to m = 1.00672.
As one of the DE models, the HDE may provide more natural solutions to both DE problems at the same
time [91]. When taking the future event horizon as the choice for the IR cutoff in the HDE, it will raise the
causality problem, then the modification of IR cutoff is needed [28]. Gao et al. [30] raised the Ricci DE, a
new form of HDE whose IR cutoff length corresponding to the Ricci scalar. Granda and Oliveros [31, 32]
also suggested another new type of HDE with modified Ricci scalar (in another words, the IR cutoff is in
terms of H and H˙). Here, we would like to take a general holographic Ricci DE model (GHRDE) where the
energy density is given by
ρh = 9
1+2m
(m+2)2 (αH
2 + 2βH˙), (16)
where α and β are model parameters (this model is just like the model Granda and Oliveros raised). It
is easy to find that when β = 0 the IR cutoff reduces to the Hubble length, and when α = 4β the model
reduces to the original Ricci DE model.
3
3 Interacting GHRDE model
The evolution of the BI universe filled with DM and DE will be investigated in this section. We suppose
that there is an energy flow between DM and DE. Then, the law of energy conservation equation, i.e., Eq.
(13), can be written as
ρ˙m + 3Hρm = Q, (17)
ρ˙h + 3H(1 + wh)ρh = −Q, (18)
3
mδx+δy+δz
m+2 Hρh = 0, (19)
where Q denotes the interaction between DM and DE. Besides, Eq. (19) involves the deviations of DE’s
EoS. Combining Eqs. (9)-(11) and (19), one can obtain that
δx =
6(m−1)(3H2+H˙)
(2+m)2ρh
, (20)
δy = δz = −
3m(m−1)(3H2+H˙)
(2+m)2ρh
, (21)
wh = −
3(2m+1)(3H2+2H˙)
(2+m)2ρh
. (22)
From Eqs. (20) and (21), one can find that skewness parameters are depended on the evolution of DE and
the Hubble’ parameter.
Assuming that Q takes the form Q = 3bHρm in the present research. Using Eq. (17), one can obtain
ρm = 9
1+2m
(m+2)2H
2
0Ωm0 · a
3(b−1), (23)
where H0 is the present value of Hubble parameter, Ωm0 = ρm0/[9
1+2m
(m+2)2H
2
0 ] is the present value of the
dimensionless energy density of DM, and the mean scale factor is defined as a = C(2+m)/3, meanwhile, we
taking the present value of the scale factor as a0 = 1.
Now, let’s define that
h = HH0 , ρ˜m =
(m+2)2ρm
9(1+2m)H2
0
, ρ˜h =
(m+2)2ρh
9(1+2m)H2
0
. (24)
Then, Eqs. (12), (16) and (23) could be rewritten as
h2 = ρ˜m + ρ˜h, (25)
ρ˜h = αh
2 + 2βh˙, (26)
ρ˜m = Ωm0a
3(b−1). (27)
Using Eqs. (25), (26) and (27), one can obtain a differential equation as following
β dh
2
d lna + αh
2 +Ωm0a
3(b−1) = 0. (28)
The general solution of the above differential equation is
h2 = c0a
−α−1
β + Ωm01−α+3(1−b)β a
3(b−1). (29)
Here, the free constant c0 can be determined by the initial condition: h
2|a=1 = 1. Therefore, the free
constant c0 is
c0 = 1−
Ωm0
1−α+3(1−b)β . (30)
Combining Eqs. (16) and (29), the density of DE can be written as
ρ˜h = c0a
−α−1
β + α+3(b−1)β1−α+3(1−b)βH
2
0Ωm0a
3(b−1). (31)
It is easy to find that there are two free parameters in the DE model, in order to reduce the numbers of
free parameters we would like to take the present values of Ωm0, H0 and wh0 as the boundary conditions.
Using Eqs. (13) and (25), we have
dh2
d ln a
∣∣
a=1
= −3[Ωm0 + (1 + wh0)(1 − Ωm0)], (32)
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Figure 1: The graphics show the variation of energy densities of DM and DE against ln a under the condition:
∆ = 10−5, H20 = 72, and Ωm0 = 0.3. Here, the solid, dashed, dotted, thick solid and thick dashed lines are
for β = 0.1, b = 0.001; β = 0.2, b = 0.001; β = 0.3, b = 0.001; β = 0.3, b = 0.010; β = 0.3, b = 0.050,
respectively.
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Figure 2: The first graphic is for the DE’s EoS with respect to ln a, the second graphic is for the deviations
of state parameter with respect to ln a. Here we choose ∆ = 10−5, H20 = 72, and Ωm0 = 0.3.
meanwhile, from Eq. (29) one can get that
dh2
d ln a
∣∣
a=1
= 1−α−Ωm0β . (33)
Combine these two solutions, we obtain that
α = 3β + (1 + 3βwh0)(1− Ωm0). (34)
Thus, if we take the present observation data into Eq. (34), the free parameter α can be determined by the
value of β. In our paper, the present value of GHRDE’s state parameter is chosen as wh0 = −1.
In Fig. 1, we plotted the energy densities of DM and GHRDE as a function of the mean scale factor. We
find that in the early time of the universe, the energy density of GHRDE is comparable with that of DM,
but in the future it’s DE dominating. We can also find that the model parameter β has a great influence on
the energy density of GHRDE in the future. According to Fig. 2(a), one can find that with the value of β
increasing, the future value of wh decreases, moreover, as the interacting constant b increasing, the value of
wh in the early time decreasing. The behavior of wh indicates that GHRDE is matter-like in the past and
phantom-like in the future. From Fig. 2(b), it is easy to find that the universe is high anisotropic in the
early time and more homogeneous in the future. Combining Figs. 2 and 3, we find that the pressure of the
universe varies greatly in different directions in the early time and it becomes isotropic in the future. Above
all, the model we use can explain the high anisotropic of the early universe and homogeneous from near past
to the future.
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Figure 3: The universe’s pressure p with respect to ln a. The solid line is for the general pressure p = whρh,
the dashed line is for the pressure along x axis and the dotted line is for the pressure along y and z axes.
Here we choose ∆ = 10−5, β = 0.2, b = 0.001, H20 = 72, and Ωm0 = 0.3.
4 The Generalized second law of gravitational thermodynamics
The GSLT in the anisotropic BI universe driven by the GHRDE would be shown in this section. The
horizon surface would be taken as a boundary of the thermodynamic system. Using the Gibbs’ law of
thermodynamics, the entropy of the BI universe with DE and interacting DM inside the horizon is given by
TkdSk = dEk + pkdV, (35)
where Tk, Sk, Ek, pk, and V are the temperature, entropy, energy (Ek = ρkV ), pressure, and volume, respec-
tively, and the subscript k = m, h represent DM and GHRDE, respectively. Here, the volume containing DM
and GHRDE with the radius of horizon RH is V =
4
3piR
3
H . To examine the change rate of the total entropy,
one should give a horizon. We would like to check the validity of the GSLT on the horizon of the general
Ricci scalar radius Rgr = [αH
2 + 2βH˙]−1/2. The Hawking temperature and the entropy of the horizon are
defined as TH = 1/(2piRgr) and SH = κpiR
2
gr .
In view of Gibbs’ equation and the condition that dS be a differential, which is given by ∂
2Sk
∂V ∂Tk
= ∂
2Sk
∂Tk∂V
.
This leads to the relation that
dpk =
ρk+pk
Tk
dTk. (36)
Using Eq. (13), this relation can be rewritten as d lnTk/d ln a = −3∂pk/∂ρk = −3wk [92, 93, 68]. In this
case, the temperature of dark fluid inside the horizon will be
Tk = Tk0exp
[
−3
∫ ln a
0
wk(x)dx
]
. (37)
From this equation, one know that the temperature of the dark fluid will change with time going and will
never be negative. Plugging Eq. (36) into Eq. (35), the Gibbs’ equation will be rewritten as
dSk =
d[(ρk+pk)V ]
Tk
− (ρk + pk)V
dTk
T 2
k
= d
[
(ρk+pk)V
Tk
+ const
]
, (38)
where const is a constant. Hence the entropy can be defined as
Sk =
ρk+pk
Tk
V = 1+wkTK ρkV. (39)
Eq. (39) shows that the positive or negative of the entropy Sk is depending on the EoS of DM and GHRDE.
And it is easy to find that when wh < −1, Sh < 0, which indicates that when the GHRDE is phantom-like,
its entropy’s change rate will be negative [69, 70]. According to Fig. 2, GHRDE is phantom-like from now
to the future, which shows that the GSLT will be invalid on GHRDE from now to the future.
In consideration of that there is interaction between DM and DE, without loss of generality, we suppose
that the temperature of DM and GHRDE are equal to each other. Then the change rate of the internal
entropy SI , which is defined as SI = Sm + Sh, could be written as
S′I,eff = 4piR
2
gr(1 + weff )(RgrH
′ −Rgr)
ρ
Teff
, (40)
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Figure 4: The variation of S′grk and S
′
I with respect to ln a under different cases. Here we choose ∆ = 10
−5,
H20 = 72 and Ωm0 = 0.3. For the two graphics ahead, we choose β = 0.3, and for the last two graphics, we
use b = 0.001.
Using Eq. (37), the temperature can be obtained as
Teff ∝ h
2a3. (41)
The variation of S′gr and S
′
I against ln a is shown in Fig. 4. From Figs. 4 (a) and 4 (b), one can find that
the strength of interaction has little effect on the change rate of entropy. But, combining Figs. 4 (c) and 4
(d), it shows that the model parameter has a major impact on the change rate of entropy, as β increases,
the negative S′I occurs earlier.
From Fig. 4, it is easy to find that for the change rate of entropy on the horizon, it is negative from now
to the future, and for the entropy of the internal, the negative change rate occurs from the near past to the
near future. As we know that S′ < 0 indicates the entropy decreases and the GSLT became invalid. This
phenomenon casts doubts on the soundness of the GHRDE model. On the other hand, considering that the
HDE has gained many success in explaining the evolution of the universe, we surmise that the phenomenon
may be caused by the galaxies formation. When the galaxies come into being, part of the universe goes from
“order” to “disorder”, the entropy is increasing, not decreasing. Because the universe’s total entropy is not
decreasing, so this may be helpful in balancing the entropy decreasing causes by DE. Furthermore, contrast
S′H and S
′
I in Fig. 4, we find that the negative S
′
I occurs more early than that of S
′
H , this may indicates
that the influences of galaxies formation passes from the internal universe to the horizon.
5 Conclusions
The BI universe filled with DM and GHRDE is studied in the present paper. In this paper, a GHRDE
model is taken into account, whose IR cutoff radius is taken as L2 ∝ (αH2 + 2βH˙)−1. This model can be
reduced to the original Ricci DE model when α/β = 4. By considering the energy densities, we find that the
energy density of GHRDE is comparable with that of DM in the early time and GHRDE dominating in the
future. Through analysing the behavior of state parameter of GHRDE, we obtain that the GHRDE transits
from matter-like to phantom-like through the history. The behavior of the deviations of state parameter
and the pressure of the universe indicate that the universe is high anisotropic in the early time, but more
homogeneous from near past to the future.
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The GSLT of BI universe containing DM and DE is studied in Sect. 4. The temperature of DM and
GHRDE can not be equal to that of the horizon, and considering there is an interaction between DM and
GHRDE. The temperature of the dark fluid can be determined by d lnTeff/d ln a = −3∂p/∂ρ. In this case,
we find that the entropy of GHRDE is negative when it is phantom-like. Besides, it turns out that when
taking the general Ricci scalar radius Rgr as the horizon, the curves of S
′ have a positive maximum in the
early time and a negative minimum in the near past or the future, which indicates that the GSLT is valid
in the early universe but invalid from near past to the near future. Then we surmise that the formation of
the galaxies may be helpful in explaining this phenomenon, because when the galaxies taking shape, part of
the universe goes from “order” to “disorder”, the total galaxies’ entropy is increasing, which may be helpful
in explaining the universe’s total entropy is not decreasing. And the negative S′ occurs in different periods
indicates that the influences of galaxies formation could wipe from the internal universe to the horizon.
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